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Abstract 

We determine all Ricci flat left invariant Lorentzian metrics on sim- 
ply connected 2-step nilpotent Lie groups. We show that the 2k + 1- 
dimensional Heisenberg Lie group Hik+\ carries a Ricci flat left invari- 
ant Lorentzian metric if and only if k — 1 . We show also that for any 
2 < q < fc, Hik+\ carries a Ricci flat left invariant pseudo-Riemannian 
metric of signature (q, 2k + f — q) and we give explicite examples of 
such metrics. 
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1 Introduction 

Since Milnor's survey article [12] which has already become a classic refer- 
ence, the geometric properties of Lie groups with left invariant Riemannian 
metrics have been studied extensively by many authors (see for instance 
[2J S] ) . In [12] , Milnor showed that a Lie group carries a flat left invariant 
Riemannian metric if and only if its Lie algebra is a semi-direct product 
of an abelian algebra b with an abelian ideal u and, for any u £ b, ad u is 
skew-symmetric. On the other hand, a Ricci flat left invariant Riemannian 
metric must be flat (see [1]). However, only a few partial results in the line 
of Milnor's study were known for pseudo-Riemannian left invariant metrics. 
For instance, there exists some partial results on flat left invariant pseudo- 
Riemannian metrics on Lie groups (see [H [11]) and there exists Ricci flat 
left invariant pseudo-Riemannian metrics which are not flat (see [9]). Thus 
the study of flat or Ricci flat left invariant pseudo-Riemannian metrics is an 
open problem. In this paper, we study Ricci flat left invariant Lorentzian 
metrics on 2-step nilpotent Lie groups. We restrict our self to these groups 
because, first of all, every thing in these groups is explicitly calculable and 
because of the richness of their geometry. Indeed, the geometry of left in- 
variant Riemannian or Lorentzian metrics on 2-step nilpotent Lie groups 
were studied extensively by many authors (see for instance j3[ O [8]), 
partly because their relevance to General Relativity where they can be used 
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to provide interesting counter-examples. Moreover, Ricci flat Lorentzian 
manifolds are vacuum solutions of Einstein's equation and, as an interest- 
ing application of our main result, one can built (by considering quotients 
by lattices) a large class of compact Ricci flat Lorentzian manifolds. Note 
that all these Lorentzian manifolds are complete given that all left invariant 
pseudo-Riemannian metrics on a 2-step nilpotent Lie group are geodesically 
complete (see [B]). 

Let us give a brief outline of the results of this paper. In Section [21 we 
give some properties of the Lie algebra of skew-symmetric endomorphisms on 
a pseudo-Euclidean vector space. In Section [3l we establish a key formula 
giving the Ricci curvature of a pseudo-Euclidean 2-step nilpotent algebra 
(Lemma l3.ip and we give some of its immediate consequences. This formula 
is simple and plays a crucial role in this paper. In Section we show that 
the 2k + 1-dimensional Heisenberg Lie group i^2fc+i carries a Ricci flat left 
invariant Lorentzian metric if and only if k = 1 and, for any 2 < q < k, i^fc+i 
carries a Ricci flat left invariant pseudo-Riemannian metric of signature 
(q,2k + 1 — q) (Theorem 14. ip . some explicite examples will be given (see 
Example[T]). In Section[5l we determine all Ricci flat left invariant Lorentzian 
metrics on simply connected 2-step nilpotent Lie groups ( Theorems 15.1 ll5T2|) . 

2 Preliminaries 

In this section, we give some properties of the Lie algebra of skew-symmetric 
endomorphisms on a pseudo-Euclidean vector space. 

A pseudo-Euclidean vector space is a real vector space of finite dimension 
n endowed with a nondegenerate inner product of signature (q, n — q) = 
(—...—, + ... +). When the signature is (0, n) (resp. (1, n — 1)) the space 
is called Euclidean (resp. Lorentzian). Through this paper, we suppose 
q < n — q. 

Let (V, ( , )) be a pseudo-Euclidean vector space whose signature is 
(q,n — q). A family (u\, . . . ,u s ) of vectors in V is called orthogonal if, for 
i,j = 1, . . . , s and i ^ j, (ui,Uj) = 0. This family is called orthonormal if it 
is orthogonal and, for any i = 1, . . . , s, (ui,Ui) = 1. 

A pseudo-Euclidean basis of V is a basis (ei, e2, . . . , e g , e q , f±, . . . , f n -2q) sat- 
isfying, for i, j = 1, . . . , q, k = 1, . . . , n - 2q, 

and [fx, . . . , f n -2q) is orthonormal. When V is Lorentzian, we call such a 
basis Lorentzian. Pseudo-Euclidean basis always exist. 
We denote by Sym~(V) the space of skew-symmetric endomorphisms of V 
and we define a product ( , )* on Sym~(V) by putting 

(J,K)* = -tr(JoK), 
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where tr denotes the trace. This product is nondegenerate and defines a 
pseudo-Euclidean product on Sym~(V). 

It is well-known that if (V, ( , )) is Euclidean then ( , )* is definite 
positive and, for any J £ Sym~ (V), there exists an orthonormal basis B of 
V and a family of real numbers < Ai < . . . < A r such that the matrix of 
J in B is given by 



/ 



Mat (J,. 









At- 







V 



0^ 







o / 



(1) 



Let us return to the general case. Let B = (ei, e 2 , . . . , e q , e q ,f±, . . . , f n -2q) 
be a pseudo-Euclidean basis of V and let J £ Sym~(V). Then its straight- 
forward to see that the matrix of J in B has the following form: 



Mat(J,M) 



A P 
P B 
( X, \ 

\Y q ) 



-B, 



Vi \ 



V n - 2q J 



( l Yi t X 1 



(2) 



where X t = (x\, . . . , x l n _ 2q ), Y t = (y\, y^J, for i = 1, . . . , q and A 



n-2q) 



(Aij) x<i . <q where the Aij are (2,2)-matrix satisfying 



A 
A 



ai 
-ctj 
bij 



C{j d 



-d 



A 



13 
Cij 



2 ij 



(3) 



for j > i. 



Let us give an expression of ( , )* and compute its signature. If J\, J2 € 
Sym~(y) then 



Mat{Ji o J 2 ,B) = y 
One can see easily that 

P\Pl = ~ ( B ij)l<i,j<q 



A 1 A 2 + PiP 2 A X P 2 + P X B 2 
P X A 2 + B X P 2 P X P 2 + B X B 2 



B 



VI 



x\Yf xl jq 

Y}Yf Y}.X) 



(4) 



(5) 
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PiP2 = -((Vl,V?) q ) 1 ^ n _ 2g , (6) 

where the dot is the canonical Euclidean product in M™ -2 " 7 and ( , ) q is the 
pseudo-Euclidean product of signature (q, q) defined on R 2<? by 

g 

((x 1 ,y 1 ,.. .,x q ,y q ), (x!,yx,.. .,x q ,y q )) q = 2^0?^. (7) 

8=1 

We shall denote by R^ q '^ the pseudo-Euclidean space M? q endowed with 
( , } q . From dH)-© and the relation 

q n—2q 

J2(Xt.Y? + X?.Y l i)=J2(V?,V l % (8) 
i=i i=i 

one can deduce easily that 

q _ 

trJi o J 2 = 2 4 a i ~ 2 ^2(alk d fk + 4k a lk + b lk c lk + 
i=l l<k 
1 

-2Y / (Xl.Y l 2 +Xf.Y l l )+trB 1 B 2 . (9) 
i=i 

Proposition 2.1 T/ie vector space Sym~(V) is of dimension "^" 2 ^ and 
the product ( , )* is non degenerate and its signature is (q(n—q), n ("~ 1 )+ 2l ?('?~ n ) ) - 

From what above, we can deduce that J 6 £ym _ (V) is entirely deter- 
mined, in a pseudo-Euclidean basis, by a (n — 2g, n — 2g)-matrix 1? skew- 
symmetric in the Euclidean sense, a (2q, 2g)-matrix A skew-symmetric with 
respect to ( , ) q (which equivalent to A satisfying ([3])), a family of vectors 
(Xi, Yl, . . . , X q ,Y q ) in M. n ~ 2g or a family of vectors (Vi,..., V n - 2q ) in K (9,9) . 
We shall call, invariantly, 

(A,B,X u Y u ...,X q ,Y q ) or (A, B, V u . . . , V n . 2q ) 

the representation of J in B. Note that we can choose the pseudo-Euclidean 
basis such that B has the form (fTJ). 

3 Ricci curvature of pseudo-Euclidean 2-step nilpo- 
tent Lie algebras 

A pseudo-Euclidean Lie algebra is a pseudo-Euclidean vector space which is 
also a Lie algebra. Given a pseudo-Euclidean Lie algebra g, its associated 
Levi-Civita product is the bilinear map P : § x § — > q defined by the 
following relation: 

2(D u v, w) = ([u,v],w) + ([w,u],v) + ([w,v},u), u,v,w G 0, (10) 
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its associated curvature is the three-linear map K:gxgxg — > g given by 

TZ(u, v, w) = T>[ UiV ]W - V u V v w + T> v T> u w, 
and the Ricci curvature is the bilinear map t : g x g — > M given by 

x(u, v) = tr(w i y lZ(u, w, v)). 
Denote by J : g — > g the endomorphism given by 

x(u, v) = (J u, v). 
The scalar curvature of g is the real number s = trj. 

A pseudo-Euclidean Lie algebra is called flat (resp. Ricci flat) if 1Z = 
(resp. J = 0). 

A Lie algebra 01 is called 2-step nilpotent if its derived ideal is non trivial and 
satisfies [01, 01] C 3, where 3 is the center of 9T. A trivial central extension 
of 91 is a product of 9T with an abelian Lie algebra. A 2-step nilpotent 
Lie algebra is called irreducible if it is not a trivial central extension of any 
2-step nilpotent Lie algebra. A Lie group is called 2-step nilpotent if its Lie 
algebra is a 2-step nilpotent Lie algebra. 

Let 91 be a pseudo-Euclidean 2-step nilpotent Lie algebra and (ei, . . . , e p ) a 
basis of 3- Then, for any u, v G 01, the Lie bracket can be written 

v 

[u,v] =^2(JiU,v)ei, (11) 
i=i 

where J« : 01 — > 01 are skew-symmetric endomorphisms with respect to 
v 

( , ) and P|ker Jj = 3- These endomorphisms will be called structure 

i=l 

endomorphisms associated to (ei, . . . , e p ). The structure endomorphisms 
(Ki, . . . , K p ) associated to a new basis (/i, . . . , f p ) are given by 

v 

i=i 

where (p J -')i<i,j<p is the passage matrix from (/i, . . . , / p ) to (ei, . . . , e p ). 
The proof of the following proposition is a direct computation. 

Proposition 3.1 Let$l be a pseudo- Euclidean 2-step nilpotent Lie algebra, 
(ei, . . . , e p ) a basis of 3 and (J±, . . . , J p ) the corresponding structure endo- 
morphisms. Then the endomorphisms F, G : 01 — > 01 given fry 

1 v 1 P 

F = - ^2 {ei,ej)Ji o Jj and G{u) = -- ^ (e^, u)tr(Jj o Jj)ej (13) 

i,j=l ij'=l 

are symmetric with respect to ( , ), are independent of the choice of the basis 
(ei, . . . , e p ) and satisfy FoG = GoF = 0. 
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Notation. We shall denote by J~ and respectively, the symmetric 
endomorphisms F and G defined by f)13|) . We denote also by t~ and r + the 
symmetric bilinear forms 

x~(u,v) = (J~u,v) and x + (u,v) = {J + u,v). 

These notations are justified by the following lemma which will play a crucial 
role in this paper. 

Lemma 3.1 Lettyl be a pseudo-Euclidean 2-step nilpotent Lie algebra. Then 
its Ricci curvature is given by 

t = t + +iT, (14) 
and its scalar curvature is given by 

5 = ~trj~ = -trj + . (15) 

Proof. Note first that if (Ji, . . . , J p ) are the structure endomorphisms asso- 
ciated to a basis (ei, . . . , e p ) of 3, one can deduce easily form (fTOj) and ([TT]) 
that the Levi-Civita product of ( , ) is given by 

v 

2V u v = J ^2((J i u,v)e i - (ei,v)JiU- (ei,u)Jiv) , 
i=i 

and its curvature is given by 

p f 1 1 1 \ 

R(u,v)w = ^ (Cj, Cj) f -(JjV, W)J J U - -{JjU,w)JjV - ^(JjU, v)JjWj 

i,j=l ^ ' 
1 p 

+ 4 X! (( e i> w )( e 3' v ) J J ° J i u ~ (ei,w)(ej,u)Jj o J { v + {e l ,u){e J ,v)[J j ,J i \w) 

1 P 

+ 4 X! {{ei,w){[Jj,Ji]u,v) + (ei,v){JjU,Jiw) - (e i ,u)(J j v,Ji'w})ej. (16) 

i,J=l 

Let # (resp. (5) be a complement of 3 H 3" 1 " in 3 (resp. in 3 )■ The subspace 
5© © is nondegenerate and its orthogonal, which is also nondegenerate, has 
dimension 2 dim 3 H 3" 1 "- So we can construct a basis 

(ex, . . . , Cq, e%, . . . , 6q, fx, . . . , fp—q, gi , • • • , g-n—p—q) 

of 9t such that: 

1. (ei, . . . , e ? , ei, . . . , e 9 ) is a basis of ^ D (5^ and, for i, j = 1, . . . , g, 

(&i,ej) = 5ij, (ei,ej) = and (e*,e 3 -) = 0, 
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2. (/i, . . . , f p _ q ) and (51, . . . ,g n ^ p ^ q ) are orthogonal basis, respectively, 
of J and ©, moreover, for i = 1, . . . ,p — 5 and j = 1, . . . , n — p — q, 
ifhfi) = ±1 and (gj,gj) = ±1. 

The Ricci curvature is given by 

1 p-i 



x(u,v) = ^({R(u,ei)v,ei) + (R(u,ei)v,ei)) + ^2(R(u,f i )v,fi)(fi,fi) 
i=l i=i 

n—p—q 

+ ( R ( u '9i)v,gi)(gi,gi). 

i=l 

We denote by (ifi, . . . , Jj, . . . , J p - q ) the structure endomorphisms 
associated to (ei, . . . ,e q , f\, . . . , f p - q )- By using (fT6j) . we get 

R(u,ei)v = 0, 
(R(u,Bi)v,ei) = 0, 

(R(u,fk)v,fk) = -r{JkU,JkV), 



4 

(R(u,g k )v,g k ) = -j^2(fi,fi)(gk,Jiv)(JiU,g k ) 



3 p - q 



4 

8=1 



1 9 1 P " 9 

- ^ {e i ,v){e j ,u){K j o Kig k ,g k ) - - ^2{fi,v}(f j ,u}(J j oJ i g k ,g k ) 
i,j=l i,j=l 

- ^ (e i ,v)(f j ,u)(J j oKig k ,g k ) - - ^ (e j ,v)(f i ,u)(J i o Kjg k , g k ), 



4 ^,r«-/wji-/rj ~« n ,^ n , / 4 
ij=l j",i=l 



and (fMj) follows. Let us establish ([To)) . We have, from ([T 

s = tr.7 + + trj~. 

On the other hand, 



i=i 



p— q n—p—q 



trj+ = 2Y J {J + eue l )+Y J {J + hJi){fuh)+ E tf + 9i,9i){9u9i) 

i=l i=l i=l 

1=1 

So we deduce trj + = —\irj~ and ([T5[) follows. □ 
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Remark 1 1. The Ricci curvature and the scalar curvature of a pseudo- 
Euclidean 2-step nilpotent Lie algebra were computed in (see The- 
orems 3.24 and 3.26). The formulas Ji^| ) and A15\) are more simple 
than those given in f3jj. 

2. The situation is quite simple in the Euclidean case. Indeed, for any or- 
thonormal basis (ei, . . . , e p ) of 3, and any orthonormal basis . . . , f n -p) 
o/3 , we have 

1 p 

and i/te matrix of J + in (e±, . . . , e p , /1, . . . , / n -p) is #w en by 

_i ( MJiojj))^^ \ 
4 V J ' 

where (Ji, . . . , J p ) are £/ie structure endomorphisms associated to (ei, . . . , e p ). 
5*o £/ie notations x + and t~ in f-?^| ) are appropriate in this case. How- 
ever, in the general case, J + (resp.J~ ) can have negative (resp. pos- 
itive) eigenvalues or non real eigenvalues. Nevertheless, we will con- 
serve these notations. 

The following proposition is a more accurate version of a result of Eber- 
lein (see [5] Proposition 2.5) and can be deduced easily from what above. 

Proposition 3.2 Let VI be an Euclidean 2-step nilpotent Lie algebra of di- 
mension n. Put p = dim 3 and r = dim [91, 91]. Then: 

1. rankj' + = r and \ankj~ = n — p, 

2. there exists an orthonormal basis (ei, . . . ,e p ) o/3 ; an orthonormal ba- 
sis (</i, . . . ,g n - P ) of 3" 1 and two families of real numbers < /xi < 
... < fi r and < Ai < . . . < A n _ p such that non vanishing entries in 
the matrix of the Ricci curvature r in the basis B = (ei, . . . , e p , g\, . . . , g n -p) 
are 

v(ei,ei) = m and t(gj, gj) = -Xj, i = 1, . . . , r, j = 1, . . . , n - p. 
Moreover, the scalar curvature is given by 

5 = ~^(Ai + • • • + A n _ p ) = + . . . + fi r ). 

In particular, the scalar curvature is negative. 
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The scalar curvature of an Euclidean 2-step nilpotent Lie algebra is negative 
which is expectable according to a theorem by Uesu (see [T3]). 

There is an important class of Euclidean 2-step nilpotent Lie algebras 
introduced by Kaplan in [TO] and called Heisenberg type Lie algebras. Let us 
compute the Ricci curvature and the scalar curvature of such Lie algebras. 
Recall that a Heisenberg type Lie algebra is a 2-step nilpotent Lie algebra 
91 endowed with an Euclidean product ( , ) such that, for any z £ 3 and for 
any v £ 3" 1 , 

(ad^z, ad* v z) = (z, z)(v,v), (17) 
where ad t u is the adjoint of ad u with respect to ( , ). 
Proposition 3.3 Let 91 be a Heisenberg type Lie algebra. Then 

J + = - dinO^-P}, J~ = — - dim3-P?-L and s = — - dim3 dim3 ± , 
4 2 4 

where and P3 denote the orthogonal projections onto 3" 1 " and 3 respec- 
tively. 

Proof. Choose an orthonormal basis (ei, . . . , e p ) of 3 and denote by ( J\, . . . , J p ) 
the associated structure endomorphisms. One can see easily that, for any 
z £ 3 and for any v G 3" 1 ", 

p 

ad*z = y](z,ei)JjV. 
i=l 

Thus (fT7|) is equivalent to 

p 

^ (e k ,e i )(e l ,ej)(J k v,Jiv) = (ei,ej)(v,v), i, j = 1, . . . ,p, v G 3" 1 , 

which is equivalent to 

jf = — J°3±, i = 1) • • • ,P and J» o Jj = —Jj o Jj, i ^ j. 

The proposition follows from these relations and (|13|) -f|15f) . □ 
Let us show now that an Einstein pseudo-Euclidean 2-step nilpotent Lie 
algebra must be Ricci flat. 

Proposition 3.4 Let 91 be a pseudo-Euclidean 2-step nilpotent Lie algebra 
such that there exists A£l satisfying r = A( , ). Then A = 0. 

Proof. We consider the basis (ei, . . . , e q , e t , . . . , e q , f%, . . . , / p _ 3 , gt, ... , g n - P - q ) 
of 91 constructed in the proof of Lemma lXTI and we denote by (K% , . . . , K q , J\ , . . . , J p ~ q ) 
the structure endomorphisms associated to (ei, . . . , e q , f±, . . . , f p - q ). 

We distinguish two cases: 
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1. The center is degenerate. In this case = {0 + J + )&i = Ae^ and 
hence A = 0. 

2. The center is nondegenerate. By using and (|14|) . we can see that 
t = A( , ) is equivalent to 



1 p 

2^2(fi>fi) J hj = Mj, 3 = !, ...,n- p 
[ -i(fiJi)tr(Jf)fi = Xfu i = l,...,p- 



Thus, for i = 1, . . . , p — q and j = 1, . . . , n — p 

p 



1=1 
and hence 

2 



1 p 

dim3 X A = -^2{fi,fi)tr(jf) = -2dim3A 



i=l 

which implies A = 0. □ 

4 Ricci flat left invariant pseudo-Riemannian met- 
rics on Heisenberg groups 

A Heisenberg Lie algebra is 2-step nilpotent Lie algebra of dimension 2k + 1 
such that its center is of dimension 1 and coincides with its derived ideal. 
A 2k + 1-dimensional Heisenberg Lie algebra is isomorphic to 





X 




((: 





i ) 










%2fc+l 

whose associated simply connected Lie group is 



Hou 





X 






I 


f) 










2k+l 



We shall denote by (z,x±, x\, . . . , Xk,Sik) the canonical coordinates of i^fc+i- 
It is well-known that a 2k + 1-dimensional Heisenberg Lie group carries 
a flat pseudo-Riemannian metric if and only if k = 1 and in this case the 
metric is Lorentzian (see [llj). In this section, we resolve completely the 
problem of existence of Ricci flat pseudo-Riemannian metrics on Heisenberg 
Lie groups. We show the following result. 
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Theorem 4.1 Let q be a 2k + 1- dimensional Heisenberg Lie algebra. Then: 

(i) g carries a Ricci flat Lorentz product if and only if k = 1. 

(ii) For any q such that 2 < q < k, q carries a Ricci flat pseudo-Euclidean 
product of signature (q, 2k + 1 — q). 

Proof. First, if ( , ) is a pseudo-Euclidean product on g, e a non null 
central element and J the associated structure endomorphism, then 

J + = -|(e 5 . )tr(J 2 )e and J~ = ^(e, e)J 2 , 
and one can see easily from (|14p that r = if and only if 

(e,e) =tr(J 2 ) = 0. (18) 

(i) We suppose that q carries a Ricci flat Lorentzian product, we choose 
a non null central element e and we denote by J the associated structure 
endomorphism. Let B = (e, e, fx, . . . , /2fc-i) be a Lorentzian basis of g. 
Since ker J = Re, we deduce from (|2j) that the representation of J in B 
is (0,B,Xx,0), where B is a skew-symmetric (2k — 1,2k — l)-matrix and 
Xx = [xx, ■ ■ ■ , %2k-i)- On the other hand, we deduce from Q that tr( J 2 ) = 
tr(B 2 ) and hence (|18|) implies i? = 0. Thus the representation of J in B is 
(0,0,Xi,0) and the condition ker J = Me implies 2k — 1 = 1, thus k = 1. 
Conversely, if fc = 1, it is well-known that H.^ carries a flat Lorentzian 
product. 

(ii) Suppose that 2 < q < k. We consider the pseudo-Euclidean space 
V = R 2q x K 2 ( fc - g ) +1 endowed with the inner product of signature (q, 2k + 
1 — q) given by 

((U,V),(U,V)) = (u,U) q +V.V, 

where ( , ) q is the pseudo-Euclidean product on R 2q given by ([7]) and 
the dot is the canonical Euclidean product on R 2 ( fc_ '?)+ 1 . For any U = 
(xx, yi, ... , Xg, y 9 ) G R 2q , we put C7 = (yx, x 1: . . . , y q , x q ) and we denote by 
(ei, ex, &2, e~2, ■ • • , e q , e q ) the canonical basis of R 2q . 

We will construct a skew-symmetric endomorphism J on V such that 
tr(J 2 ) = and ker J = Rex- Once J is constructed, the Lie bracket [u,v] = 
(Ju, v)ex shall induce on V a structure of Heisenberg's Lie algebra for which 
the pseudo-Euclidean product ( , ) is Ricci flat. We give a general method 
for building such an endomorphism. Explicit examples will be given in 
Example [TJ 

We distinguish two cases: 

1. k = 2q + r with r > 0. Let J be the skew-symmetric endomorphism 

f A P \ 

of V whose matrix in the canonical basis is ( p J where: 
(a) P= ( *Xx f Y 2 l X 2 ... % % ), 
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(b) (Xi , X 2 , Y 2 , . . . , X q , Yg) is a family of linearly independent vectors 

in R2(fc-9)+l = R 2 9 +2r+l } 

(c) rankS = 2(r + 1) and 

span{X 1 ,X 2 ,Y 2 ,...,X q ,Y q }elmB = R 2 ^ + \ (19) 

(d) Ad = and 

q 

tr(A 2 )+tr(B 2 )=4^2x i .Y i . (20) 

j=2 

One can deduce from ([9|) and (|20p that tr(J 2 ) = 0. Let us check now 
that ker J = M.e\. A vector (ai, 61, ... , o g , 6 g , G ker J if and only if 

f At/ = (x 1 .z,y 1 .z,...,x g .z,y g .z) 



BZ = -biXx-^aiYi + biXi) 

i=2 

where U = (ai, 61, . . . , a q , b q ). From (fT9j) one can deduce that C/ = 
(ai,0,...,0) and Z G ker £ n span{X u X 2 , Y 2 , . . . , X q , Yq} 1 - = {0} 
and the result follows. 

2. k = q + r with < r < q — 1. Let J be the skew-symmetric en- 

domorphism of V whose matrix in the canonical basis is 



P B 



where: 



(a) P 



( v 1 



\ V 2r+ \ 

(b) (Vi, . . . , V 2r+ \) is a family of linearly independent vectors in 

F = Vect{e 1 ,e 2 ,e 2 , . . . ,e q ,e q } C R 2q , 

(c) rank A = 2{q — r — 1) and 

span{Vi,...,V 2r+1 }®lmA = F, (21) 

2r+l 

tr{A 2 ) + tr{B 2 ) = 2j2(Vi,Vi) q . (22) 

i=l 

One can deduce from Q and (|22|) that tr(J 2 ) = 0. Let us check now 
that ker J = Rei. A vector (U, Z) = (ai, b±, . . . , a q , b q , z±, . . . , z 2r+ \) G 
ker J if and only if 

2r+l 

AC/ = J>i^, 

pz = -((y^c/)*" ..,<y 2r+1 ,c/> 9 ) 
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From ([2T]) . we deduce that Z = and hence U 6 ker Anspan{Vi, . . . , V2 r +i} ± = 
F 1 - = Mei and the result follows. □ 

Example 1 We give three explicit examples illustrating the general con- 
struction done in the proof of Theorem \4-l\ and, moreover, for each case we 
give the expression of the corresponding left invariant pseudo-Riemannian 
metric on the associated simply connected Lie group. 

1. 2 < q and k = 2q + r. We consider V = M. 2q x K 2 ^ 1 x R 2 ( r+1 ) endowed 
with the product 

((u, v, w), (u, v, w)) = (u, u) q + v.v + w.w. 

We denote by (ex, ex, . . . , e q , e q ), (/, fx, fx, . . . , and (gx,gx,-- .,g r +x,9r+l) 

the canonical basis ofR 2q , M 29_1 and M 2 ( r+1 ), respectively. We con- 
sider the skew- symmetric endomorphism JofV given by 

J ex = 0, Je~x = -f, Jet = aiei - fc-x, Je~i = -aie~i - fi-x,i = 2, . . . ,q, 
Jf = ex, Jfi = e i+1 , Jfi = e i+1 , i = 1, . . . ,q - 1, 
jQi = hm, Jgi = ~\9i, i = 1, ■ ■ ■ ,r + 1, 

q r+X 

where < Ai < . . . < A r +i and a 2 = A 2 . One can check easily 

i=2 i=X 

that ker J = Mei and tr(J 2 ) = 0. Thus the bracket [u,v] = (Ju,v)ex 
induces on V a Heisenberg's Lie algebra structure for which ( , ) is 
Ricci flat. Put 

E = ex, Fx = f, Fx = ex, Fi = Fi = &i + Oj/i_i, i = 2,...,q, 
Ei = fi, Ei = ej + i, i = 1, . . . , g — 1, 

Gi = -j=9i, Gi = -7=gi, i = l,...,r + l. 

y/ Ai V Ai 

(E, Ex, Ex, ... , E q -x, E q -x, Fx, Fx, . . . , F q ,F q , Gx, Gi, . . . , G r+ x,G r+ x) is 
a basis of V satisfying 

[E l ,E i } = [F j ,F j ] = [G k ,G k ]= E, i = l,...,q-l, j = l,...,q and k = 1, . . . , r+1, 

and the all the others brackets are null or given by anti- symmetry. 
Thanks to this basis we identify (V, [ , },( , )) with the Lie algebra 



^2(2g+r)+l = < I % X \ , z G R, X, X € M 9 " 1 x R q x » r+1 






X 


z 
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endowed with the pseudo-Euclidean product of signature (q,2(2q + r) + 
1 — q) whose expression in the canonical basis (e,£i,£i,mj,fhj,nk,fik) 
i = 1, • • • ,q~ 1, 3 = 1, • • • ,q, k = 1, . . . ,r + l of H 2 (2q+r)+i is given by 

(mi,mi) = (£j,£j) = (e,fhi) = 1, i = 1, . . . ,q, j = 1, . . . ,g - 1, 

(ij-^fhj) = 1, j = 2, . . . ,q, 

(rii,ni) = (ni,fii) = A" 1 , i = 1, . . . ,r + 1, 

(fhi,fhi) = a%, (£i-i,fhi} = a,i, i = 2,...,q, 

and all the others products are null. The simply connected Lie group 
associated to %2(2g+r)+i *s given by 



- 1 xR q x R r+l 



and if (z,Xi,x~i,yj,yj,tk,ik) are its canonical coordinates then the left 
invariant pseudo-Riemannian metric ( , } l on H 2 (2 q + r )+i associated 
to ( , ) is given by 







X 




H 2(2q+r)+l ~ j 




I 


f) 












( , )' = %dyi {dz - ^2 x i dx i ~ ^2 Vidyi ~ tidti ^ + dy i 

i=l i=l i=l i=l 

q r+l 

+ {2dxi-idyi + (dxi_i + adytf) + ^ \~\dtf + dtf), 

i=2 i=l 
9 r+l 

where < Ai < . . . < A r+ i and a 2 = A 2 . 

i=2 i=l 

2. 2 < g and k = q + r with 1 < r < g - 1. Lei F = M 2<? x R 2r+1 endowed 
with the product 

((u, v), (U, V)) = (U, u) q + V.V. 

We denote by (ei, ei, . . . , e ? , e g ) and (/, /i, /i, • • • , / r , /r) canonical 
basis ofM. 2q andR 2r+1 , respectively. We consider the skew- symmetric 
endomorphism J of V given by 

Jei = 0, Je~i = -/, 

Jd = -fi-i, Jei = -fi-i,i = 2, . . . ,r + 1, 

J Cj — CI j Gj - J 6 j — C& j dj^^f — f | 2 ^ . . . C£ , 

Jf = ei, Jfi = e i+ i + Xifi, J fi = e i+ i - Xifi, i = 1, . . . ,r, 

q r 

where < a r+ 2 < . . . < a q and a 2 = X 2 if r < q — 1 and 

i=r+2 i=l 

Ai = ... = A r = if r = q — 1. One can check easily that ker J = 
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and tr(J 2 ) = 0. Thus the bracket [u,v] = (Ju,v)ei induces on V a 
Heisenberg's Lie algebra structure for which ( , ) is Ricci flat. Put 

E = ei, F x = f, F x = ei, Fi = X^a + /i_i, F» = e u i = 2, . . . , r + 1 

-Pi = := e j , Fi = -= ej , z = r + 2,...,(j | , 

#i = /j, i% = e i+ i, i = l,...,r. 

{E, Ei, Ei, ... , £V, E'r, Fi, Fi, . . . , F q , F q ) is a basis of V satisfying 

[Ei, Ei] = [F J ,F J ] = E, i = l,...,r, j = l,...,q, 

and the all the others brackets are null or given by anti- symmetry. 
Thanks to this basis we identify (V, [ , },( , )) with the Lie algebra 







X 




^2(g+r)+l - | 


!(• 





l x ] 












endowed with the pseudo-Euclidean product of signature (q, 2(2g + r) + 
1 — q) whose expression in the canonical basis (e,£i,£i,mj,fhj) i = 
1,- ■ ■ j = 1,... ,q ofH 2 (q +r ) + i is given by 

(e,fhi) = (£i,£i) = {mj,mj) = 1, i = 1,. . . ,r, j = 1,... ,r + 1, 

(fhjjj-i) = 1, j = 2, ... ,r + 1, 

{mi,rhi) = Xi, i = 2, . . . ,r + 1, 

(m^ mi) = a" 1 , i = r + 2,. . . ,g, 

and aZZ i/ie others products are null. The simply connected Lie group 
associated to %2(g+r)+i 3*fen 











#2( g +r)+l - | 


[(• 




t) 












and ?/ (z,Xi,Xi,yj,yj) are its canonical coordinates then the left in- 
variant pseudo-Riemannian metric ( , } l on H 2 ( q+r )+i associated to 
( , ) is given by 



r+l 



( , } l = 2dyi x i dx i ~ ^2 Vi d Vi I + ^2 d Vi + ^2 ( dx i + ^dxidy i+1 ) 

V i=l i=l / i=l i=l 

r+l <? 

+2^2 XidyidiJi + 2 ^ a^dyidyi, 



i=l i=r+2 

9 



where < a r+ 2 < . . . < a 3 and af = Af if r < q — 1 and 

i=r+2 i=l 

Xi = . . . = X r = if r = q — 1 . 
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3. k = q and q > 2. Let V = R 2q x M endowed with the product 

((u, v), (u, v)) = (u, u) q + v.v. 

We denote by (e±, e±, . . . , e q , e g ) and f the canonical basis ofR 2q and 
R, respectively. We consider the skew- symmetric endomorphism J of 
V given by 

Jei = 0, Jei = e 2 , Jf = e 2 

Je 2 = e 3 - /, Je 2 = -ei + /3e 3 , 

Je 3 = -e 2 + a 3 e 3 , Je 3 = -/3e 2 - a 3 e~ 3 , 

•J Gj Ob j ^j") J & j Oj j &y • 4^...^^. 



where < a 3 < . . . < a q and af = 2/3. One can check easily 



i=3 



that ker J = Rei and tr(J 2 ) = 0. Thus the bracket [u,v] = (Ju,v)ei 
induces on V a Heisenberg's Lie algebra structure for which ( , ) is 
Ricci fiat. Put 



E = ei, Fi = f, Fi = e 2 , F 2 = e\, F 2 = e 2 , 
F 3 = 



(/ + e 3 ), F 3 = ^(/3e 1 + e 3 ), 



- > Fi 



1 



i — 4, . 



(E, Fi , . . . , F q , F q ) is a basis of V satisfying 

[F j ,F j ]=E, j = l,...,q, 

and the all the others brackets are null or given by anti- symmetry. 
Thanks to this basis we identify (V, [ , ], ( , )) with the Lie algebra 



T-i 2q +\ — < 



X z_ 

t X I ,z G R,X,X G 




endowed with the pseudo-Euclidean product of signature (q, q+1) whose 
expression in the canonical basis (e,mj,fhj) j = l,...,q of / H 2q+ \ is 
given by 

(e,m 2 ) = (mi,mi} = (mi,m 2 ) = l, 



(e,m 3 ) = ——, (m 3 ,m 3 )=a 3 , (mi,m 3 ) 

V a 3 



(mi,mi) = a, 1 , i = 3, ... ,q. 
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The simply connected Lie group associated to %2q+i is given by 

(flX z\ 

H 2q+ i = < / l X , z G R, X, X £ I 

I V o o i y 

and i/ ( its canonical coordinates then the left invariant 

pseudo-Riemannian metric ( , / on #2g+i associated to ( , ) is given 
by 

( , ) l = 2 ( dx2 H — ^=dx% ] I dz — a^dxj ] + 2dx\dx 2 

/ i \ 2 9 

+ ( dxi H —dxs I + 2 a~ 1 dxidx~i, 

V ./as y ^ 

g 

where < < . . . < a q and a 2 = 2/3. 

i=3 

5 Ricci flat Lorentzian 2-step nilpotent Lie groups 

It is well-known that a Ricci flat Euclidean Lie algebra must be flat (see pQ ) . 
In [T2] , Milnor showed that an Euclidean Lie algebra is flat if and only if it 
is a semi-direct product of an abelian algebra b with an abelian ideal u and, 
for any u € b, ad u is skew-symmetric. Thus an Euclidean 2-step nilpotent 
Lie algebra cannot be flat. In [8], Guediri showed that a Lorentzian 2-step 
nilpotent Lie algebra is flat is and only if it is a trivial central extension of 
the 3-dimensional Heisenberg Lie algebra. In this section, we determine all 
Ricci flat Lorentzian 2-step nilpotent Lie algebras. 

Theorem 5.1 Let 91 be an irreducible Lorentzian 2-step nilpotent Lie alge- 
bra. Then 91 is Ricci flat if and only if the center of 9t is degenerate and 9T 
is isomorphic to the Lorentzian vector space MS 1 ' 1 ' x MP x M 2r x R 9 and, if 

(e,e), (h,...,f p ), (gi,...,g 2r ), (hi,...,h q ) 

are the canonical basis, respectively, o/R^ 1,1 ), MP, R 2r and M q , then the Lie 
brackets are 

p 

[e, gi] = a { e + ^x\f u i = 1, . . . , 2r, 
1=1 
v 



[e,hi] = he + ^yifi, i = 1, . . . ,q, 



i=i 



[92i-i,92i\ = he, i = l,...,r, 

the others vanish or are obtained by symmetry, and the structure coefficients 
satisfy the following conditions: 
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1. span{(bi,.. .,b q ), (y\, . . .,y\), {y\, . . .,y%)} = R q , 

2. < Ai < . . . < A r and 

Proof. Suppose that 91 is a Ricci flat irreducible Lorentzian 2-step nilpo- 
tent Lie algebra. We distinguish three cases: 

1. The center 3 of is nondegenerate and the restriction of ( , ) to 
it is Lorentzian. In this case, according to (|14p and to the fact that 
3 C ker,y~ and 3^ C ker,y + , the vanishing of r is equivalent to 
J+ = J- = 0. 

Choose a basis B = (e, e, /i, . . . , f p , g%, . . . , g q ) of 9T such that, (e, e, /i, . . . , f p ) 
is a Lorentzian basis of 3 and (gi, . . . ,g q ) is an orthonormal basis of 
3" 1 , and denote by (K, K,Ji,..., J p ) the structure endomorphisms as- 
sociated to (e, e, /i, . . . , f p ). 

p 

Since 3 = ker iTnker K O ker Jj , the representations of K , K, J\, . . . , J p 

i=i 

in B must have, respectively, the forms (0, Mi, 0, 0), (0, M 2 , 0, 0), (0, P>i, 0, 0), 
i = 1, . . . ,p. On the other hand, by using (|13p . we get 

(J+e,e) = -\tr(K 2 ), (J + e,e) = -\tr{K 2 ) and {J + h, fi) = -\tr(jf), 

for i = 1, . . . ,p. Thus J + = implies 

tr(K 2 ) = tr(K 2 ) = tr(J 2 ) = 0, i = 1, . . . ,p, 

and by using ©, we get 

tr(Mf) = tr(M|) = tr(B?) = 0, t = 1, . . . ,p. 

Thus K = K = Ji = 0, for i = 1, . . . ,p. So this case is impossible. 

2. The center is nondegenerate and the restriction of ( , ) to it is Eu- 
clidean. In this case, according to ([T3]) and to the fact that 3 C ker J~ 
and 3" 1 " C ker,y + , the vanishing of r is equivalent to = J~ = 0. 
Choose a basis 1 = (e, e, /i, . . . , f p , gi, . . . ,g q ) of 91 such that, (fi,...,f p ) 
is an orthonormal basis of 3 and (e, e, 51, . . . , g g ) is a Lorentzian basis 
of 3" 1 - Denote by (Ji, . . . , J p ) the structure endomorphisms associated 
to (/1, . . . , / p ). By using we get 

1 1 P 

J+ = 1 Q/ i ,)tr(J j oJ J -)/ j and J- = -^j2. 
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For i = 1, . . . ,p, let (Aj, Bi, X 1 , Y l ) denotes the representation of Jj in 
B where Ai = f ^ ^j- 1 ' ^ow, by using and d3J), we get that 
Y% =1 J? = implies that 

A / a? - X\Y* -X\JT \ _ 

and then X* = Y l = en = for i = 1, . . . ,p. On the other hand 
J + = implies tr{jf) = tr(Bf) = and hence Bi = 0. Finally, 
J\ = . . . = J p = and we conclude that this case is impossible. 

3. The center is degenerate. Choose a Lorentzian basis 

B = (e,e, /i, ...,f p ,gi,.. .,g s ) 

such that (e, fx,. . . , f p ) is a basis of 3 and (e, g\ , . . . , g s ) is a basis of 3" 1 
and denote by (K, J\ , . . . , J p ) the structure endomorphisms associated 
to (e, /i, . . . , f p ). By using ([13]), we get 

1 p 

i=l 



J + e = J + gi = 0, i = l,...,s, 

1 1 p 

J+e = - tr (K 2 )e--Y,tr(KoJ i )f i , 



i=i 

p 



1 



4 

So we can deduce from (|14p that the vanishing of r is equivalent to 

(23) 



tr(JjoJi) = tr(K o Jj) = 0, i, j = 1, . . . ,p, 



J- = Ue,.)tr(K 2 )e. 



Since 3 = ker K n O ker Jj, the representation of (K, Ji, . . . , J p ) in 

«=i 

B are given by ((0, M, V, 0), (0, B x , X 1 , 0), . . . , (0, B p , X p , 0)) and, for 
i = 1,... ,p, 

V = (0,...,0,oi,...,o 8 ), X i = (0,...,0,xl,...,x 4 j, 
where Mq and -Bo,i are skew-symmetric (s,s) matrix. 
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We can suppose that Mq has the form (pQ). 
Now, we have trjf = trB^ i = and hence B\ = . . . 
other hand, by using ©-© we can see easily that J 
is equivalent to 

i=l j=l 

To summarize, we have that (f23j) is equivalent to 

p r 

B 1 = . . . = B p = and X\X { = A|. (24) 

i=l j=l 

Let us find the necessary and the sufficient conditions to have 3 = 

v 

ker if n P| ker Jj. 

i=l 

A vector of coordinates (a, 6, zi , . . . , z p , t\ , . . . , t q ) is an element of ker K(~) 
nf=i ker Jj if and only if 

a\t\ + . . . + a s t s = 0, 
a^ti + . . . + x\t s = 0, i = 1, . . . ,p, 
a 2 i-ib - \it 2 i = a 2i b + Ajt 2 i-i = 0, i = 1, . . . , r 
k Oj-6 = 64 = 0, j = 2r + 1,. . . ,s,i = 1, . . . ,p, k = 1,. . . ,s. 

We have two cases: 

(a) X\ = . . . = X p = 0. In this case the condition (|24p implies 
Ai = . . . = A r = and the system above reduces to 

f aih + . . . + a s t s = 0, 
\ ajb = 0,j = l,...,s. 

The condition ker if = 3 is equivalent to s = 1 and ai 7^ 0. 
Thus in the basis (e, e, /1, . . . , / p , 51) the non vanishing brackets 
are given by 

[e,gi] = ae. 

Hence 9t is a trivial central extension of the 3-dimensional Heisen- 
berg Lie algebra and the metric is flat. 

(b) There exists i such that Xj 7^ 0. In this case the system is 
equivalent to 

{a2r+lt 2 r+l + ■ ■ ■ + dsts = 0, 
x l 2r+ it 2r +i + ■■■ + x\t s = 0, i = l,...,p, 
b = t\ = . . . = t 2r = 0, 



. = Bp = 0. On the 
- = i(e,.)tr(K 2 )e 
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and the condition ker K n H?=i ker Ji = 3 if an d only if the sub- 
space 

span{(a 2r +i, ■ ■ ■ ,a s ), {x\ r+x , ■ ■ -,x\), {x p 2r+l , . . . ,x p s )} 

of M s_2r is of dimension q = s — 2r. By putting (y[, . . . ,y l q ) = 
04r+i>- • • > x i)> 1 = !,••• >P and . .,&,) = (a 2r +i, • • • ,o s ), 



we 



get the desired result. □ 



From Theorem 15.11 and by a direct computation we get the following 
result which give all Ricci flat left invariant Lorentzian metrics on 2-step 
nilpotent Lie groups. 

Theorem 5.2 Let (N, ( , )) be a 2-step nilpotent Lie group endowed with a 
left invariant Lorentzian metric. Then ( , ) is Ricci flat if and only if: 

1. there exists Mi = (x?) and M 2 = {y{), respectively, a real (2r,p) 
matrix and (q,p) matrix, < Ai < . . . < X r , A G M? r and B G R q such 
that 



tr(Mi*M0 + tr{M 2 t M 2 ) = A 2 , 



i=l 



and span{B, Yx, . . . , Y p } = M. q , (Y\, . . . ,Y p are column's vectors of M 2 ), 
2. (N, ( , )) is isomorphic to (M 2 x R p x R 2r x R q , ( , ) ) where: 
(a) the Lie group structure is given by 

(t 1 ,i 1 ,Ui,V 1 ,W 1 ).(t 2 ,t 2 ,U2,V2,W 2 ) = (T,U,V,W), 

1 - 1 2r 

T = (h + t 2 + -^Xiivli^vji-vl^vli) + -^ailhvf -t 2 vj) 



i=l i=l 



i=l 

/ ! 2r x « 

V i=l i=l 



1 2r 1 9 \ 

"£ + u l + o x i (* lV i ~ t* v i) + 2 ^ ^ " * 2 ^) 

i=l i=l / 

F = («J +«?,..., t4. + «ar)» ^ = (w 1 1 +w; 2 ,...,u»i+u; 2 ). 

m the canonical coordinates (t, i, u\, . . . , u p , v\, . . . , v 2r ,w\, . . . , w q ) 
the metric is given by (the omitted products are null): 

(d t ,dt) = (d Ui ,d Ui ) = l, (dt,d Ui ) = ^(X i .V + Y i .W),i = l,...,p, 
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(di, dt)o 
(d Ul ,d Vi )o 
(di,d Vi ) 

(di,d Wi } 

(d Vi ,d Vj )o 
(d Vi ,d Wj )o 
(d Wi ,d Wj )o 

where (Xi, . . . , X p ) (resp. (X 1 , . . . , X 2r ) ) are the columns's vec- 
tors (resp. the row's vectors) of Mi and (Yi, . . . , Y p ) (resp. (Y 1 , . . . , Y q ) ) 
are the columns's vectors (resp. the row's vectors) 0/M2. 

Remark 2 1. For p = r = and q = 1 we get the lowest dimensional 
2-step nilpotent Lie group with Ricci flat Lorentzian metric. It is iso- 
morphic to R 3 with the product 

(ti,t 1 ,w 1 ).(t2,i 2 ,w 2 ) = (h + t 2 + ^(iiw 2 -t 2 wi),h +t 2 ,wi +w 2 ) 

and the metric is given by 

( , )o = dw 2 + di (wdi - tdw + 2dt) . 

We recover the 3-dimensional Heisenberg group with its canonical flat 
Lorentzian metric. 

2. There is no irreducible 4-dimensional 2-step nilpotent Lie group with 
Ricci flat Lorentzian metric and for p = r = 1 and q = we get 
the second low dimensional 2-step nilpotent Lie group with Ricci flat 
Lorentzian metric. It is isomorphic to R 5 with the product 

(ti,ii,u 1 ,vl,v 2 -).(t 2 ,i 2 ,u 2 ,vl,v 2 l ) = (T,ii +t 2 ,U,v\ + v\,v\ + v 2 ) 

where 

T = tl + t 2 + ^V<x 2 + P 2 {y\vl-v\v\) 
22 



= A.V + B.W + -^{X h V + Y l .Wf , 
1=1 

= ~\ x \i { d u v d Wj ) = -^Vj, l = l,...,p, i = l,...,2r, j = l, 

- -la-iyx^i-^y+aii)-^. If^vjxi +Y jWjY ^ 

i = l,...,2r, 
f f ( 2r 1 \ 

- - 2 bi ~ E v i X * + E w J Yj , < = 1, - , 9, 

\3=i 3=1 J 

= Sij + ^X'.Xi, ij = l,...,2r, 

= jX\Y>, i = l,...,2r,j = l,...,q, 
t 2 ■ ■ 

= $i3 + ^ Y *- YJ i i,j = l,-..,q, 



+^ [h(aiVi + a 2 v 2 ) - t 2 (a 1 v{ + a 2 v\)) 
U = ^ + u 2 + ^ (hiavj + j3v 2 2 ) - i 2 (av\ + fiv\)) . 

(a, P,a\,a 2 are parameters satisfying (a,/3) 7^ (0,0)). The metric is 
given by (the omitted products are null): 

(d t ,dt) = (d u ,d u ) = 1, (dt,d u ) = -(av t + (3v 2 ), 

(dt,dt)o = aivi + a 2 v 2 + j(avx + /3v 2 ) 2 , 

(d u ,d Vl ) = --a, {d u ,d V2 ) = 

(dt,d Vl ) = -^(-\/« 2 + P 2v 2 + ait) - ^a(via + v 2 f3), 



{dt,d V2 ) = --(\/ a 2 + P 2 vi + a 2 t) - ~fi(v x a + v 2 (3), 

t 2 t 2 t 2 

(d Vl ,d Vl ) = l + ja 2 ,(d Vl ,d V2 } = —a/3,(d V2 ,d V2 } = l + j/3 2 . 
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